The aim of the present paper is to give a simple counterexample to a conjecture [3] in linear second-order differential equations.
u" + a{t) ■ u = 0 where a(t) is a nondecreasing, positive and unbounded function in C'[T, oo). It is well known that the hypotheses on a(t) do not imply that every solution of (1) satisfies the condition (2) u(í)-»0 así-coo.
L. A. Gusarov [2] has shown that under the additional hypothesis that a'(t) is of bounded variation on [T, oo), the solutions of (1) satisfy condition (2) . Under these assumptions, a'(t) has a finite, nonnegative limit as t -► oo. A. Meir, D. Willett and J. S. W. Wong [3] have proved the following theorem. then the solutions o/(l) satisfy condition (2) .
From this theorem it follows that if a'(t) is ultimately bounded and bounded away from zero, then all solutions of (1) satisfy (2) . The following question presents itself: does the condition that a'(t) -► 0 as t -► 00 (or that limsupa'(i) < 00) imply that condition (2) holds for all solutions of (1)?
Meir, Willett and Wong [3] conjectured that if in Theorem 1 the last condition is replaced by the condition lima'(í)-p(í)/a(í) = 0, then the conclusion remains valid. If this conjecture were true, we could answer our question in the affirmative (simply set p(t) = 1). However, the following theorem shows that the conjecture is false.
The counterexample.
We can summarize our results as follows:
THEOREM 2. For each a > 0, there exists a positive function a(t) E C°°[0, oo) such that a(t) -► oo, a'(t) > 0, a'(t) -o(log_a t) and such that at least one solution u(t) o/(l) satisfies the condition lirnsup^^, \u(t)\ > 0.
Without loss of generality, we replace the condition a'{t) = o(log_Q t) by a\t) = 0(log_i t), where I is an integer (I > a).
The proof of Theorem 2 is based on a method used by A. S. Galbraith, E. J. McShane and G. B. Parrish [1] , and D. Willett [5] . The following lemma, which was established by Willett [5] , will be used in the proof of Theorem 2.
Lemma. Let u(t) be a solution of (1), and let p be a positive number such that a*(t) > p.2 for all t G [0, oo). Then u'(t) has at least one zero in each interval of length 2-KJp. By the Lemma, there exists a point ¿2 (1/2 < t2 < 1) such that u^fa) = 0.
The following construction is inductive. We choose a sequence {ßn}, a sequence 0 = t\ < ci < ¿2 < ?2 < • • -, and a set of functions un(t) (n = 1,2,... We see that a(t) is a positive, nondecreasing function belonging to C7°°[0, oo), and that u(t) satisfies the differential equation (1) . Since ßn -► oo as n -► oo, it follows that a(t) -> oo as t -> oo.
,M {-^-■B'(^^f\.{ßn-ßn_1) îovtn<t<qn,
Since B(t) is a C°°-function having compact support, B'(t) is bounded by some positive number M. Hence, for tn < t < tn+i and n > 2:
Qn *n For tn <t < tn+i and n > 5, it follows from the condition n -3/2 < tn < n -1 that logn > login+i > logi > 1. Combining this with (3), we obtain the estimate a'(i) = 0(log-'i). 
